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YI YAO
Abstract. For studying relative Ding stability, we give an intersection-theoretical
definition for inner product of C∗-actions on equivariant test-configurations,
and an integral formula for inner product over total space. By applying equi-
variant HRR formula, we compute limit slope for the modified term of energy
functionals, and extend a result concerning geodesic ray and DH measure of
test-configuration to more general rays. Adapting Okounkov’s construction to
the setting of torus action, we provide a convex-geometry description for the
reduced non-Archimedean J-functionals. Finally, as an application, we show
uniformly relative Ding stability of Fano manifolds implies a necessary condi-
tion of existing Mabuchi solitons, by considering the deformation to normal
cone of a fixed point.
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1. Introduction
Since the Yau-Tian-Donaldson correspondence for Fano manifolds is established,
i.e. the equivalence between the existence of Kähler-Einstein (KE) metrics and the
K-stability, it is desired to extend correspondence to other kinds of metrics. Let M
be a Fano manifold, it is well-known there are no KE metrics if the Futaki invariant
does not vanish. In [Ma1], Mabuchi considered a kind of canonical metrics which
extends KE metrics to the case of Futaki invariant nonvanishing. Now we call them
Mabuchi solitons, as they also give self-similar solutions of the gradient flow of Ding
functional [CHT]. Let
ω =
√−1gij¯dzi ∧ dz¯j ∈ 2pic1(M)
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be a Kähler metric with Ricci potential hω satisfying Ric(ω) − ω = i∂∂¯hω and∫
ehωωn = V . Then ω is called a Mabuchi soliton if
gradωe
hω :=
∑
i,j
(
gij¯
∂ehω
∂z¯j
)
∂
∂zi
is a holomorphic vector field. It turns out this vector field must coincide with
the extremal vector field Z defined in [FM], which can be determined by Futaki
invariant and a chosen maximal compact subgroup K of Aut0(M). In the view of
equations, ωu = ω0 + i∂∂¯u is a Mabuchi soliton if and only if u satisfies
(1− θZ(u))ωnu = ehω0−uωn0 ,
where θZ(u) is the Hamiltonian function of Z, satisfying ιZωu = i∂¯θZ(u) and∫
θZ(u)ω
n
u = 0. An obvious obstruction to the existence of Mabuchi solitons is
max
M
θZ(u) < 1.
Actually, this maximum only depends on M , we will denote it by ϑ(M). This
invariant concerning with the DH measure of the extremal action, i.e. the C∗-
action generated by Z.
As Kähler-Einstein metrics correspond to K-stability of Fano manifolds, Mabuchi
solitons are also expected to correspond a kind of algebraic stability. The clue is
coming from the new GIT model for KE metrics constructed by Donaldson [D2] in
which the moment map is Ricci potentials 1− ehω , contrasting to scalar curvatures
in the original model. The corresponding GIT stability in this new model is Ding
stability (defined by Berman [Ber]). Besides the zeros of moment map, we consider
the L2-norm of the moment map
ED(ω) = 1
V
∫ (
1− ehω)2 ωn,
called Ding energy. It is observed in [Ya] that its critical points are exactly the
Mabuchi solitons. Hence from the general framework in [Sz], the stability notion
should be relative Ding stability (abbr. D-stability), as extremal metrics correspond
to relative K-stability.
In the toric setting, [Ya] defined (uniformly) relative D-stability by the limit
slope of modified Ding functional along geodesic rays. It turns out (uniformly)
relative D-stable is equivalent to condition ϑ(M) ≤ 1 (ϑ(M) < 1). There exists
Mabuchi soliton if and only if M is uniformly stable.
In [CHT, Hi4], (uniformly) relative D-stability is defined for general Fano man-
ifolds. The condition ϑ(M) < 1 is taken as a part of the definition of relative
D-stability (see Def 3.20 therein). However, in the toric setting [Ya], it can be
easily obtained from relative D-stability. From the philosophy behind Y-T-D cor-
respondence, it is expected that every obstruction to the existence of canonical
metrics should come from a kind of stability. Furthermore, when we try to de-
rive existence from stability, such as by continuation method or variational method
[Hi4], condition ϑ(M) < 1 would be a prerequisite.
This paper can be divided into three parts. The first part is a study of in-
ner product of actions on test-configuration, which arising when we define relative
stability. This part includes an intersection-theoretical definition for inner prod-
uct; Limit slope formula for the additional term of modified energy functionals;
An integral formula (over X ) for inner product; An extension of the main result
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in [Hi1] concerning rays of metrics and Duistermaat-Heckman measures. The sec-
ond part provides a convex-geometry description for the reduced non-Archimedean
J-functions. The third part is an application of other parts, the main result is
Theorem 1. Let M be a Fano manifold, T ⊂ Aut0(M) be a torus. If M is D-
semistable relative to T , then ϑ(M) ≤ 1. Moreover, if M is uniformly D-stable
relative to T , then ϑ(M) < 1.
See (Def 34, 45) for our definition of stability. Comparing to K-stability, a new
feature of relative D-stability is that uniformly stable does not equivalent to stable.
At least there are examples (orbifold toric surfaces [Ya]) which satisfy ϑ(M) = 1
and relative D-stable but not uniformly, we have not found smooth such example
yet. Another question unknown is whether ϑ(M) ≤ 1(< 1) can be implied by
relative K-stability.
The proof is by constructing a specific family of T -equivariant test-configurations
(X ,Lc) with parameter c 1, that is the deformation to normal cone of a chosen
T -fixed point. Then we analysis the relative Berman-Ding invariant,
DNAZ (X ,Lc) = DNA(X ,Lc) + 〈α, βZ〉0 .
The first term is easy, we focus on the modified term 〈α, βZ〉0, which is the inner
product of structure action α and the fiberwise extremal action βZ .
Inner product of C∗-actions. Let us introduce the first part of this paper. Sup-
pose (M,L) is a polarized manifold with a lifted action β : C∗ → Aut(M,L) gener-
ated by vector field X. Let (X ,L) be a C∗-equivariant ample test-configuration for
(M,L) with structure C∗-action α and fiberwise action β. In the following, X de-
notes the compactified family. The original definition (3.1) of inner product 〈α, β〉0
introduced by Székelyhidi[Sz] using the actions on H0(X0, kL0). From the view of
[BHJ1], non-Archimedean functionals should be defined on the set of equivalence
classes of test-configurations. However it is unclear if 〈α, β〉0 is invariant under
pullback of test-configurations.
We give another definition (3.6) using intersection numbers, denoted by 〈α, β〉,
which is naturally pullback-invariant. Moreover, it is definable for general L, and
it coincides with original 〈α, β〉0 when L is relatively ample. We have a limit slope
formula along general rays (see Theorem 12 for full statement).
Theorem 2. Let Φ be a α(S1)×β(S1)-invariant metric on L satisfying (A) or (B)
in Definition 8. It induces a ray of metrics {ut}t≥0 on L with curvature form ωut .
Let θX(ut) be the Hamiltonian function of X with respect to ωut . Then we have
(1.1) lim
t→+∞
1
V
∫
M
u˙tθX(ut)ω
n
ut = 〈α, β〉 .
The above integral appears in the derivative of modified K-energy and Ding
functional. We need this formula to define relative D-stability. When {ut} is the
Phong-Sturm’s geodesic ray, (1.1) have been obtained by Hisamoto [Hi2] via Phong-
Sturm’s [PS] approximate construction by Bergman geodesics.
Our method is very different and valid for general rays. Actually, it have ap-
peared in [D1] (Prop. 3) to prove a close result concerning the norm ‖(X ,L)‖2.
Firstly, by Stokes formula, we convert the limit to an integral of Hamiltonian func-
tion of X over X . Then applying equivariant Hirzebruch-Riemann-Roch formula
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NA J
Okounkov body
Figure 1.1. the shadow region gives JNA
on X , we relate the integral to equivariant Euler number χβ1 (X , kL) (Def 11). Fi-
nally, via spectral sequences, it can be further related to 〈α, β〉. One problem of
this method is that we need smooth X to apply equivariant HRR, however thanks
to the pullback-invariance of 〈α, β〉, we can apply HRR on a resolution of X and
then back.
As a byproduct, we obtain an integral formula for inner products (see Theorem
12). Assume X is smooth, given a smooth 2-form Ω ∈ 2pic1(L) and function Θ˜X
satisfying ιXΩ = i∂Θ˜X and
∫
X1 Θ˜XΩ
n = 0 (same to over each fiber), then we have
(1.2) 〈α, β〉 = 1
(n+ 1)Ln
∫
X
Θ˜X
(
Ω
2pi
)n+1
.
Back to the proof of Theorem 1, firstly we use (1.2) to express 〈α, βZ〉 as an
integral over X , then expand it in c. By partially localizing of the integral, we
obtain
DNAZ (X ,Lc) =
1− ϑ(M)
(n+ 1)c1(M)n
cn+1 +Acn+2, 0 < c 1.
Then relative D-semistable implies ϑ(M) ≤ 1. To deal with the case of uniformly
stable, we need to expand the reduced non-Archimedean J-functional JNAT (X ,Lc)
in c.
A convex-geometry description for reduced NA J-functional. Let (X ,L)
be a T -equivariant test-configurations, the reduced NA J-functional JNAT (X ,L)
was defined in [Hi3] by twisting (X ,L) with all possible 1-parameter subgroups
ρ : C∗ → T , see Def 40. We find it is more natural to directly twist the induced
filtration F(X ,L) of section ring, particularly when ρ is nonrational. Denoted by
F(X ,L)ρ the twisted filtration (7.2), then we define (see Def 44 for details)
JNAT (X ,L) := inf
ρ∈Rm
JNA (F(X ,L)ρ) .
In the toric setting, there is a graphic description (Figure 1.1) of how JNA (F(X ,L)ρ)
changes along ρ. It equals the area of region bounded by concave function (which
gives toric test-configuration) and its support function with slope given by ρ.
We extend this description to general setting (section 7.6), via the infinitesimal
Okounkov body associated to a T -fixed point, which is introduced by Lazarsfeld-
Mustat,ă [LM]. By works [BC, WN], (X ,L) gives rise to a concave function on this
body, and 1-parameter subgroup ρ gives an affine functions on it. Then twisting
(X ,L) by ρ is equivalent to add them together.
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Back to the proof of Theorem 1, with this description, we can show JNAT (X ,Lc) =
δcn+1 when c 1. Then the uniform stability implies ϑ(M) < 1.
With some effort, we can express the inner product 〈α, β〉 as L2-inner product
of associated concave function and affine function over Okounkov body.
Ray of metrics and Duistermaat-Heckman measure. In [Hi1], Hisamoto
showed the measure u˙t#(V −1ωnut) associated to the Phong-Sturm’s geodesic ray{ut} is equal to DH measure of test-configuration (X ,L). We extend this result to
more general rays. Besides geodesic rays, we consider the rays induced by arbitrary
smooth metrics on L. Our method is similar to the proof of (1.1).
Theorem 3. Let (X ,L) be an ample test-configuration for (M,L). Let Φ be a
α(S1)-invariant metric on L satisfying (A) or (B) in Definition 8. By pulling back,
it induces a ray of metrics {φt = ψ0 + ut}t≥0 on L. We assume ωut ≥ 0 in case
(A). Then the pushout measure
(u˙t)#
(
1
V
ωnut
)
→ DH(X ,L)
weakly when t goes to infinity.
Remarks on the relation to other works. Consider the limit in (1.1), under
some additional conditions (perhaps take a resolution for pair (X ,X0)), it converges
to 1V
∫
X0 ΘW Θ˜XΩ
n, ΘW is the Hamiltonian function for α defined on X . In [Der],
Dervan takes this integral to be the definition of inner product for general Kähler
manifolds or transcendental Kähler classes. For To relate this integral with 〈α, β〉0,
it still relies on Donaldson’s argument (Prop. 3 in [D1])
In contrast, (1.2) is an integral over X . It avoids to integrate over X0 (maybe
singular and nonreduced) and only involves one Hamiltonian function. Our method
of proving Theorem 12, 14 is essentially same to Prop. 3 [D1], it can be seen as an
extension of that method to our setting involving two actions α, β.
The method of converting limit slopes to integral over the total space have been
employed by Sjöström Dyrefelt [Dy] to extend K-stability to general Kähler classes.
In very recent work [Li], Chi Li extended the variational approach [BBJ] to Y-
T-D conjecture to general Q-Fano varieties admitting continuous automorphisms.
There is also a discussion about twisting filtrations.
Convention and notation. Let V be a vector space endowed with a C∗-action.
Let τ ∈ C∗, x ∈ V , denote by τ.x the action. We denote by Vµ := {x ∈ V | τ.x =
τµx} the weight subspace for each µ ∈ Z. We use µ to denote the weights of action
α and ν for action β. For example, V has a C∗×C∗-action α×β, Vµ,ν denotes the
weight subspace with weight µ and ν w.r.t. α and β respectively.
Let (M,L) be a polarized manifold, set Nk = h0(M,kL) = L
n
n! k
n + O(kn−1).
Suppose h is a Hermitian metric on L and s is a local section, we use φ = − log |s|2h to
denote h. Curvature form is Ric(h) = i∂∂¯φ ∈ 2pic1(L). Set V =
∫
ωn = (2pi)nLn.
In this paper, (G-equivariant) test-configuration (X ,L) always means the canon-
ically compactified family over P1. We will use (X ,L)|C to denote the original fam-
ily over C. The structure action is α : C∗ → Aut(X ,L), the fiberwise action is
β : G→ Aut(X ,L). Denote Xτ := pi−1(τ) and Lτ := L|Xτ , for τ = e−
1
2 (t+is) ∈ P1.
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2. Preliminaries
2.1. Test-configurations.
Definition 4. Let (M,L) be a polarized manifold. A test-configuration (X ,L) for
(M,L) is a normal variety X with a Q-line bundle L and
(i) a flat morphism pi : X → C;
(ii) a C∗-action α on X such that pi is equivariant with respect to the multipli-
cation action on C;
(iii) a chosen lifting α : C∗ → Aut(X ,L);
(iv) an isomorphism (X1,L1) ∼= (M,L).
We say (X ,L) is (semi-)ample if L is relatively (semi-)ample with respect to
pi. (X ′,L′) is called a pullback of (X ,L) if there is an equivariant birational map
f : X ′ → X which is isomorphism outside of X ′0 and L′ = f∗L. Follow [BHJ1], if
(X ′,L′) and (X ,L) have a common pullback, we say they are equivalent with each
other. Each equivalence class is called a non-Archimedean metric on L.
Let G ⊂ Aut(M,L) be a reductive subgroup, a G-equivariant test-configuration
is a test-configuration with a lifted G-action β : G → Aut(X ,L) which preserves
each fiber, commutes with α and coincides with G ⊂ Aut(M,L) when acting on
(X1,L1) ∼= (M,L).
Action α and the isomorphism (X1,L1) ' (M,L) induces an equivariant trivial-
ization
(X ,L)|C∗ ' (M × C∗, p∗1L),
where C∗ only acts on the second factor. With this isomorphism, we can compactify
(X ,L) by glueing it with the product (M×(P1\0), p∗1L). The result, usually denoted
by (X¯ , L¯), is flat family over P1 with fibers isomorphic to (M,L) except over 0. Note
that action α restricted on (X¯ , L¯)∞ is trivial.
Convention: Since we usually work on the compactified family, from now on,
we use (X ,L) to denote the compactified test-configurations. When it is necessary
to mention the original family over C, we will use notation (X ,L)|C.
Remark 5. If we change α on L|C by a character, i.e. τ c ·α(τ), then the compactified
family X is unchanged, but L will change to Lc := L⊗ pi∗OP1(c). The action α on
Lc is the product of respective actions. Here we need to specify the C∗-action on
OP1(−1), that is
τ.(z0, z1) = (τ
−1z0, z1), for (z0, z1) ∈ OP1(−1)|[z0,z1].
It covers the multiplication action on P1 (z1/z0 7→ τz1/z0), and acts trivially on
the fiber over ∞ = [0, 1].
2.2. Duistermaat-Heckman measures. Let (X ,L) be an ample test-configuration
for (M,L). The central fiber (X0,L0) is a polarized scheme equipped with a C∗-
action. For sufficiently large and divisible k, consider the induced C∗-action on
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H0(X0, kL0), the normalized weight measure is defined by
(2.1) mk :=
1
Nk
∑
µ∈Z
dimH0(X0, kL0)µ · δµ/k.
By [BHJ1] Corollary 3.4, mk have uniformly bounded support and converges weakly
to a probability measure DH(X ,L), called the Duistermaat-Heckman (abbr. DH)
measure of (X ,L).
For semiample test-configurations, its DH measure is defined to be the one as-
sociated to its ample model, see [BHJ1] Prop. 2.17.
2.3. Non-Archimedean functionals. We recall some non-Archimedean func-
tionals, which are limit slopes of the corresponding Archimedean functionals along
subgeodesic rays. The main reference is [BHJ2].
(1) Let (X ,L) be a test-configuration for (M,L), the non-Archimedean Monge-
Ampère energy is
(2.2) ENA(X ,L) := L
n+1
(n+ 1)Ln
=
∫
R
λ dDH(X ,L).
(2) The non-Archimedean J-functional is
JNA(X ,L) := sup suppDH(X ,L)−
∫
R
λ dDH(X ,L).
It also can be expressed as intersection number. If X dominates product M × P1,
i.e. there exists Π : X → M × P1 which is equivariant with respect to the trivial
action on the target. Then we have
(2.3) JNA(X ,L) = (Ln)−1L · (Π∗L)n − ENA(X ,L).
(3) (Berman-Ding invariants) Suppose M is a Fano manifold, (X ,L) is a test-
configuration for (M,−KM ). There is a unique Q-divisor B supported on X0 such
that
L+KX/P1 = OX (B).
Let
LNA(X ,L) := lct(X ,−B;X0)− 1,
where
lct(X ,−B;X0) := sup{t ∈ R | pair (X ,−B + tX0) is log canonical}.
The non-Archimedean Ding functional is
(2.4) DNA(X ,L) := LNA(X ,L)− ENA(X ,L).
It is the limit slope of classical Ding functional along bounded subgeodesic rays,
due to R. Berman [Ber].
2.4. Hamiltonian functions. Let M be a Kähler manifold with line bundle L. h
is a Hermitian metric on L with curvature form ω = −i∂∂¯ log h.
Let X be a holomorphic vector field on M . A real-valued function f is called a
Hamiltonian function of X (with respect to ω) if ιXω = i∂¯f . It follows that f is
unique up to a constant, and ImX preserves ω.
Suppose we have a lifted action γ : C∗ → Aut(M,L) such that γ(S1) preserves
h. Let holomorphic vector field X be the generator of γ such that
γ(e−
1
2 (t+is)) = exp (t · ReX − s · ImX) .
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Note that it automatically implies exp(4piImX) = idM . We can obtain a Hamil-
tonian function of X by taking derivative along this lifted action. We define
f(x) := − d
dt
(
log
∣∣∣γ(e− t2 ).s∣∣∣2
h
)
|t=0, x ∈M, s ∈ Lx.
then it can be verified directly that ιXω = i∂¯f . Change the lifting by a character
will change f up to a constant. Usually, we use φ = − log h to denote the metric,
then the definition of f is written as
(2.5) f :=
d
dt
(
γ(e−
t
2 )∗φ
)
|t=0.
2.5. Equivariant Hirzebruch-Riemann-Roch formula for line bundles. We
only state equivariant HRR formula for equivariant line bundles. For general ver-
sion, refer to [Mei] for the differential forms version and the appendix of [BHJ1] for
the algebraic version.
Let M be a n-dimensional complex manifold with Hermitian line bundle (L, h),
the curvature form ω = −i∂∂¯ log h is not necessarily positive. Assume there is a
lifted action γ : S1 → Aut(M,L) preserving h. It is generated by holomorphic
vector field X such that γ(eit/2) = exp(t · ImX). γ induces a Hamiltonian function
f for X such that ιXω = i∂¯f .
γ induces a S1-action on the cohomology groups. For k ≥ 1, we define the
character function for kL by
χ(kL, eit) :=
∑
q≥0
(−1)qTr (eit|Hq(kL)) = ∑
q≥0
(−1)q
∑
λ∈Z
eiλt dimHq(kL)λ.
Then the equivariant HRR formula says
χ(kL, eit) =
∫
M
ch(kL, hk, t) · td(TM, g, t),
where g is any S1-invariant Hermitian metric on TM (independent of ω), td(TM, g, t)
is the associated equivariant Todd form whose zero degree part is 1. And ch(kL, hk, t) =
exp k( ω2pi + ift) is the equivariant Chern character. Expand both side in variable t,
compare the coefficient of td (d ≥ 0), we obtain
(2.6)
∑
q≥0
(−1)q
∑
λ∈Z
λd
d!
dimHq(M,kL)λ =
∫
M
fd
d!
(ω/2pi)n
n!
· kn+d +O(kn+d−1).
We call the left side degree-d equivariant Euler characteristic number, d = 0 recovers
the classical Euler number.
3. Inner product of actions on test-configuration
3.1. The original definition of inner products. Firstly, we recall the inner
product of actions defined by G. Székelyhidi in [Sz] in order to define relative K-
stability. In this subsection, (M,L) is a polarized manifold, and test-configurations
are assumed to be relatively ample.
Let (X ,L) be a C∗-equivariant test-configuration for (M,L) with structure action
α and fiberwise action β. For k divisible enough, H0(X0, kL0) is equipped with two
commutative C∗-actions induced by α and β. Hence H0(X0, kL0) is a C∗ × C∗-
module.
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In the following, we always denote by µ ∈ Z the weights for action α and ν ∈ Z
for action β. Then H0(X0, kL0)µ means the weight µ subspace with respect to
action α, and H0(X0, kL0)µ,ν means the weight (µ, ν) subspace with respect to
action α× β.
In [Sz], the inner product of α and β is defined by
〈α, β〉0 := lim
k→∞
[ 1
k2Nk
∑
µ,ν
µν · dimH0(X0, kL0)µ,ν
− 1
k2N2k
∑
µ
µdimH0(X0, kL0)µ ·
∑
ν
ν dimH0(X0, kL0)ν
]
,(3.1)
where Nk = h0(M,kL) = L
n
n! k
n+O(kn−1). The subscript ‘0’ denotes this definition
only using actions on zero cohomology of the central fiber (X0,L0).
We express 〈α, β〉0 by the coefficients of asymptotic expansions. Firstly by The-
orem 3.1 in [BHJ1], we know that
(3.2)
∑
µ,ν
µν · dimH0(X0, kL0)µ,ν = c0
(n+ 2)!
kn+2 +O(kn+1)
is a polynomial of k  1 with degree at most n+ 2. Similarly, we have expansion∑
µ
µdimH0(X0, kL0)µ = a0
(n+ 1)!
kn+1 +O(kn).
Since the weight measure mk (2.1) weakly converges to DH(X ,L), thus (2.2) implies
a0 = Ln+1.
Next we consider action β. Since pi : X → P1 is flat and L is relatively ample, by
[Hart] corollary 12.9, when k is big enough, pi∗(kL) is a vector bundle over P1 and
equipped with a fiberwise action induced by β. Thus H0(X0, kL0) is isomorphic to
H0(M,kL) as β-module, this implies
(3.3)
∑
ν
ν dimH0(X0, kL0)ν =
∑
ν
ν dimH0(M,kL)ν =
b0
(n+ 1)!
kn+1 +O(kn).
By these expansions, we have
(3.4) 〈α, β〉0 =
1
Ln/n!
c0
(n+ 2)!
− 1
(Ln/n!)
2
Ln+1
(n+ 1)!
b0
(n+ 1)!
.
3.2. An intersection-theoretical definition of inner products. Since we con-
sider two C∗-equivariant test-configurations with a common pullback are equivalent,
thus they should have same inner product, as many non-Archimedean functionals
did. First we should show the invariance under pullback. The pullback line bundle
is merely semiample, if we employ the above definition, it is not easy to check the
invariance.
Instead of checking the invariance of 〈α, β〉0, we prefer to give another defini-
tion in terms of intersection numbers, which is naturally invariant under pullback.
Then we show it coincides with the original definition in the case of ample test-
configurations. Let (X ,L) be a C∗-equivariant test-configuration for (M,L), L is
not necessarily ample.
Let C2\{0} → P1 be the tautological C∗-principal bundle, we consider the asso-
ciated fiber bundle over P1 induced by action β, namely
(3.5) F : Xβ :=
(
C2\{0})×X/ ∼β→ P1,
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where the relation ∼β is (z, x) ∼β (τ.z, β(τ)x), for z ∈ C2\{0} and x ∈ X .
Similarly, L with action β induces a line bundle Lβ over Xβ . Consider the
Euler characteristic number, by the asymptotic Riemann-Roch formula (see [Laz]
Theorem 1.1.24),
χ (Xβ , kLβ) =
Ln+2β
(n+ 2)!
kn+2 +O(kn+1).
The new definition is just replacing c0 in (3.4) by the above leading coefficient.
Definition 6. (Inner product of actions) Let (X ,L) be a C∗-equivariant test-
configuration for (M,L) with structure action α and fiberwise action β. The inner
product of α and β is defined by
(3.6) 〈α, β〉 = 1
Ln/n!
Ln+2β
(n+ 2)!
− 1
(Ln/n!)
2
Ln+1
(n+ 1)!
b0
(n+ 1)!
,
where b0 is given by (3.3).
We will see 〈α, β〉 coincides with 〈α, β〉0 when L is relative ample. Thus it
extends the original definition. By the above definition, immediately we have
Proposition 7. Let (X ,L) be a C∗-equivariant test-configuration, g : (Y, g∗L) →
(X ,L) be a pullback of it, then 〈α, β〉X = 〈α, β〉Y .
Proof. Denote K = g∗L, the above construction induces a birational morphism
G : Yβ → Xβ such that Kβ = G∗Lβ . Thus Kn+2β = Ln+2β . 
3.3. L2-inner product converges to inner product of actions. When we con-
sider the limit slope of modified energy functionals along geodesic ray {φt} asso-
ciated to a test-configuration, we encounter integral term likes
∫
φ˙tθX(φt)MA(φt).
In this subsection, we show it will converge to the inner product of actions. In
following, we always identify (X1,L1) with (M,L).
Definition 8. (admissible ray of metrics) Let (X ,L) be a test-configuration for
(M,L). We consider α(S1)-invariant metric Φ on L satisfying one of the following
conditions:
(A) Φ is smooth, not necessary with positive curvature (even along fibers Xτ ).
(B) Φ is locally bounded and upper semicontinuous, with positive curvature
current, and has local C1,1-regularity on X\X0. Such as the metric gives the Phong-
Sturm’s geodesic ray [PS], its C1,1-regularity is confirmed in [CTW].
Take a smooth reference metric ψ0 on L. Identify (X1,L1) with (M,L), the
pullback
{φt = ψ0 + ut := α(e− t2 )∗Φ | t ≥ 0}
gives rise a ray of metrics on L. We call this ray is induced by Φ. Let Ω = i∂∂¯Φ
be the curvature current, {φt} is said to be a subgeodesic ray if Ω is positive, and
to be a geodesic ray if further Ωn+1 = 0 holds.
With the assumption as above. Let ω0 = i∂∂¯ψ0, then the curvature of φt is
ωut = ω0 + i∂∂¯ut, and we have
ωut = α(e
−t/2)∗Ω.
Suppose action α is generated by holomorphic vector field W on X such that
(3.7) α(e−
1
2 (t+is)) = exp (t · ReW − s · ImW ) .
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Since α have been lifted to L, by (2.5), we obtain a Hamiltonian function ΘW of
W such that
(3.8) ιWΩ = i∂¯ΘW , on X .
Taking derivative of
φt = α(e
−t/2)∗Φ = α(e−t0/2)∗α(e−(t−t0)/2)∗Φ
at any t0 ∈ R, we obtain
(3.9) φ˙t = u˙t = α(e−t/2)∗ΘW , on X1 ∼= M, for ∀t ∈ R.
Next we assume that (X ,L) is a C∗-equivariant test-configuration with fiberwise
action β, and Φ is also β(S1)-invariant. Action β is generated by holomorphic vector
field X on X such that
(3.10) β(e−
1
2 (t+is)) = exp (t · ReX − s · ImX) .
Note that X is tangent to each fiber (except X0). We also obtain a Hamiltonian
function ΘX for X from the lifting of action, it satisfies
(3.11) ιXΩ = i∂¯ΘX .
Lemma 9. Let f be any C1 function on R, then the integral
∫
Xτ f(ΘX)Ω
n is
independent of τ ∈ P1\{0}.
Proof. Let I(τ) =
∫
Xτ f(ΘX)Ω
n, for τ ∈ P1\{0}. By the fiber integration we have
i∂¯I(τ) =
∫
X/P1
f ′(ΘX)ιXΩ ∧ Ωn = 1
n+ 1
∫
X/P1
f ′(ΘX)ιX
(
Ωn+1
)
.
Since X is tangent to each fiber, the last fiber integral vanishes. Consider that I(τ)
is real-valued, thus it must be a constant. 
We define
(3.12) Θ˜X = ΘX − 1
V
∫
X1
ΘXΩ
n,
then above lemma implies
∫
Xτ Θ˜XΩ
n = 0 for each τ ∈ C∗. If we let
(3.13) θX(ut) := α(e−t/2)∗Θ˜X , on X1 'M,
then it satisfies ιXωut = i∂¯θX(ut) and
∫
M
θX(ut)ω
n
ut = 0. Namely, θX(ut) is the
normalized Hamiltonian function of X with respect to ωut .
Proposition 10. With above assumptions, further we assume X is smooth, Φ is a
metric satisfying (A) or (B) in Definition 8. Then we have
(3.14) lim
t→+∞
1
V
∫
M
u˙tθX(ut)ω
n
ut =
1
2pi(n+ 1)V
∫
X
Θ˜XΩ
n+1.
Proof. First suppose Φ satisfies condition (A). The proof is by Stokes formula. We
define a function on P1\{0},
F (τ) :=
∫
Xτ
ΘW · Θ˜XΩn,
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By the assumptions, ΘW and Ω are α(S1)-invariant, α and β commutes with each
other, thus Θ˜X is also α(S1)-invariant. It follows F (τ) only depends on |τ |. By
(3.9) and (3.13), we have
F (e−t/2) =
∫
M
u˙tθX(ut)ω
n
ut , for t ∈ R.
Since α on (X ,L)∞ is trivial, thus ΘW |X∞ ≡ 0, F (∞) = 0.
By a direct computation, we have
(3.15) i∂¯
(
F (τ)
dτ
τ
)
=
1
n+ 1
pi∗
(
Θ˜XΩ
n+1
)
, on C∗,
where pi∗ is fiber integration. We use (3.8), (3.11) and the projection formula for
fiber integration,
i∂¯F (τ) ∧ dτ =
(∫
X/C∗
ιWΩ ∧ Θ˜XΩn +
∫
X/C∗
ΘW · ιXΩ ∧ Ωn
)
∧ dτ
=
1
n+ 1
∫
X/C∗
Θ˜XιW (Ω
n+1) ∧ pi∗(dτ)
=
τ
n+ 1
∫
X/C∗
Θ˜XΩ
n+1.
Where the second integral in the first row vanishes due to X is tangent to each
fiber. The last row uses pi∗(W ) = −τ ∂∂τ .
Now, let Ar,R := {τ | r ≤ |τ | ≤ R}, by Stokes’ formula,∫
Ar,R
i∂¯
(
F (τ)
dτ
τ
)
= i
∫
Ar,R
d
(
F (τ)
dτ
τ
)
= 2pi (F (r)− F (R)) .
Let r → 0 and R→ +∞, then (3.14) follows from (3.15).
When Φ satisfies condition (B), then Φ is C1,1 on X\X0. Note the fiber integra-
tion is over P1\{0}, and ΘW , Θ˜X as Hamiltonian function are always bounded.
On total space X , Ωn+1 can be interpreted as non-pluripolar product. When
r,R−1 → 0, integral ∫
pi−1(Ar,R)
Θ˜XΩ
n+1 also converges. So above argument still
works. 
Next we apply the equivariant HRR formula to relate the right side integral of
(3.14) to the equivariant Euler characteristic number.
Definition 11. Let (X ,L) be a C∗-equivariant test-configuration for (M,L) with
fiberwise action β, the degree-1 equivariant Euler characteristic number is defined
by
χβ1 (X , kL) :=
n+1∑
q=0
(−1)q
∑
ν∈Z
ν · dimHq(X , kL)ν ,
where Hq(X , kL)ν is the weight-ν subspace with respect to action β.
Theorem 12. (1) Let (X ,L) be a C∗-equivariant test-configuration for (M,L) with
structure action α and fiberwise action β generated by X. Let Φ be a α(S1)×β(S1)-
invariant metric on L satisfying (A) or (B) in Definition 8. It induces a ray
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of metrics {φt = ψ0 + ut}t≥0 on L with curvature form ωut . Let θX(ut) be the
Hamiltonian function (with zero integral) of X w.r.t. ωut . Then we have
(3.16) lim
t→+∞
1
V
∫
M
u˙tθX(ut)ω
n
ut = 〈α, β〉 .
(2) (Integral formula for inner product) Assume X is smooth, given a smooth 2-
form Ω ∈ 2pic1(L) and function Θ˜X satisfying ιXΩ = i∂Θ˜X and
∫
X1 Θ˜XΩ
n = 0,
then
(3.17) 〈α, β〉 = 1
(n+ 1)Ln
∫
X
Θ˜X
(
Ω
2pi
)n+1
.
Proof. If the total space X is singular, we take a C∗ × C∗-equivariant resolution
p : X ′ → X which is equivariant and an isomorphism on p−1(X\X0). Let L′ = p∗L,
then (X ′,L′) is a pullback of (X ,L), thus have same inner product with (X ,L) by
Prop. 7. Endow L′ with pullback metric p∗Φ, it induces a same ray of metrics on
L, so gives same limit of integral. It follows that if we establish (3.16) for (X ′,L′),
then it will hold for (X ,L). Hence in the following we assume X is smooth.
Note Ω = i∂∂¯Φ ∈ 2pic1(L) and V = (2pi)nLn, by Proposition 10 and (3.12), we
know the limit in (3.16) equals to
1
Ln/n!
∫
X
ΘX
(Ω/2pi)n+1
(n+ 1)!
− 1
(Ln/n!)
2
Ln+1
(n+ 1)!
·
∫
X1
ΘX
(Ω/2pi)n
n!
.
Now we use (2.6) to relate these integrals to equivariant Euler number.
Firstly, for the integral over X1, apply (2.6) to datum (M,L,Φ|X1 , β), it follows
that ∑
ν∈Z
ν dimH0(M,kL)ν =
∫
X1
ΘX
(Ω/2pi)n
n!
· kn+1 +O(kn), for k  1.
For the integral over X , apply (2.6) to datum (X ,L,Φ, β), it yields
χβ1 (X , kL) =
∫
X
ΘX
(Ω/2pi)n+1
(n+ 1)!
· kn+2 +O(kn+1), for k  1.
Combing these with the following lemma, we have
Ln+2β = (n+ 2)! ·
∫
X
ΘX
(Ω/2pi)n+1
(n+ 1)!
.
Then (3.16) follows from our definition (3.6) of inner product. 
Lemma 13. Let (X ,L) be a C∗-equivariant test-configuration for (M,L) with fiber-
wise action β. (Xβ ,Lβ) is the fiber bundle (3.5) associated to β. Then its Euler
number
χ (Xβ , kLβ) = χβ1 (X , kL) + χ(X , kL).
Thus χβ1 (X , kL) is a polynomial with degree at most n+2 when k  1. χ (Xβ , kLβ)
and χβ1 (X , kL) have same coefficient of the leading term kn+2.
Proof. Consider the Leray’s spectral sequence associated to F : Xβ → P1,
Ep,q2 = H
p(P1,RqF∗(kLβ))⇒ Ep+q = Hp+q(Xβ , kLβ).
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Since the Euler numbers
∑
p,q(−1)p+q dimEp,qr of each page are same with each
other (see [Hard] 4.6.3 for details), it yields
χ (Xβ , kLβ) =
∑
q
(−1)qχ (P1,RqF∗(kLβ)) .
We claim that
(3.18) RqF∗(kLβ) =
⊕
ν∈Z
Hq(X , kL)ν ⊗OP1(ν).
Decomposing Hq(X , kL) with respect to action β, we have
RqF∗(kLβ) =
(
C2\{0})×β Hq(X , kL)
=
⊕
ν∈Z
(
C2\{0})×τν Hq(X , kL)ν
where τν : C∗ → C∗ is the character with weight ν. Since (C2\{0})×τνC = OP1(ν),
then (3.18) follows.
Taking Euler number of (3.18), note χ(P1,OP1(ν)) = ν + 1, it follows
χ (Xβ , kLβ) =
∑
q
(−1)q
∑
ν
(ν + 1) dimHq(X , kL)ν
= χβ1 (X , kL) + χ(X , kL).
The last statement follows from χ(X , kL) is a polynomial with degree ≤ n+ 1. 
3.4. Coincidence with the original definition.
Theorem 14. Let (X ,L) be a C∗-equivariant test-configuration for (M,L). If L
is relatively ample, then 〈α, β〉 defined by (3.6) coincides with 〈α, β〉0 (3.4).
Proof. We only need to show that c0 in expansion (3.2) is equal to Ln+2β . By Lemma
13, it is equivalent to show c0 is the leading coefficient of χ
β
1 (X , kL).
Consider the Leray’s spectral sequence associated to pi : X → P1,
Ep,q2 = H
p(P1,Rqpi∗(kL))⇒ Ep+q = Hp+q(X , kL).
In order to extract the information of actions, the spectral sequence is considered
to be living in the Abelian category of C∗ × C∗-modules, that is each term Ep,qr
equipped with a C∗ × C∗-action induced by α × β and the differentials dp,qr are
equivariant.
Since the differential on page-2 is dp,q2 : E
p,q
2 → Ep+2,q−12 and Ep,q2 = 0 when
p /∈ {0, 1} (since dimP1 = 1), thus the spectral sequence actually degenerates at
page-2. Combine this with the fact that the Abelian category of C∗ × C∗-modules
is semi-simple (i.e. every short exact sequence splits), we obtain
Hq(X , kL) ∼= H0(P1,Rqpi∗(kL))
⊕
H1(P1,Rq−1pi∗(kL))
as C∗ × C∗-modules.
Now we use the assumption of ampleness. When k is sufficiently large and
divisible, Rqpi∗(kL) = 0 for any q > 0. Then the above isomorphism implies
(3.19) Hp(X , kL) ∼= Hp(P1, pi∗(kL))
as C∗ × C∗-modules for any p ≥ 0, when k  1.
Let E := pi∗(kL) be the direct image, since the flatness, by [Hart] corollary
12.9, when k  1, E is a vector bundle over P1 with rank Nk. Furthermore, E is
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equipped with two commutative actions, still denoted by α and β. Under action β,
E is decomposed to weight subbundles
E =
⊕
ν∈Z
Eν ,
such that over each point τ ∈ P1, Eν |τ is the weight-ν subspace of H0(Xτ , kLτ ).
Moreover, since action α commutes with β, thus α preserves each Eν .
Since Hp(P1, E) = ⊕ν Hp(P1, Eν) is the weight decomposition w.r.t. β, isomor-
phism (3.19) gives us Hp(X , kL)ν = Hp(P1, Eν). It follows that
(3.20) χβ1 (X , kL) =
∑
p
(−1)p
∑
ν
ν · dimHp(P1, Eν) =
∑
ν
ν · χ(P1, Eν).
Next we consider each bundle Eν → P1 equipped with a C∗-action α. Note the
action on Eν |∞ is trivial due to the way of compactification. In the following
lemma, take E to be Eν , since Eν |0 = H0(X0, kL0)ν , it yields
χ(P1, Eν) =
∑
µ
µ · dimH0(X0, kL0)µ,ν + rankEν .
Put this into (3.20), we obtain
χβ1 (X , kL) =
∑
µ,ν
µν · dimH0(X0, kL0)µ,ν +
∑
ν
ν · dimH0(M,kL)ν .
Since the second term has lower degree than others, the leading coefficient of
χβ1 (X , kL) is c0 (3.2). 
Lemma 15. Let E be a rank r holomorphic vector bundle over P1 = C ∪ {∞}.
There is a C∗-action on E covers the multiplication action on P1. Then
χ(P1, E) = r + w0 − w∞,
where w0 and w∞ is the total weight of action on E0 and E∞ respectively.
Proof. The Hirzebruch-Riemann-Roch theorem says
χ(P1, E) =
∫
P1
ch(E) · td(TP1).
Since the Chern character ch(E) = r + c1(E), and the Todd class td(TP1) = 1 +
1
2c1(TP1) = 1 + c1(O(1)). Thus
χ(P1, E) = r +
∫
P1
c1(E) = r + deg(∧rE).
Denote the line bundle ∧rE byK. Take any nonzero s1 ∈ K1, define a meromorphic
section of K by s(τ) = τ.s1, for τ ∈ C∗. It is easy to see that the divisor defined
by s is w0 · 0 − w∞ · ∞, where w0 and w∞ are weights of C∗-action on K0 and
K∞ respectively, which are also the total weights of C∗-action on E0 and E∞. The
degree of K is w0 − w∞. 
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4. Ray of metrics and Duistermaat-Heckman measure
Let (X ,L) be a test-configuration. Suppose {φt} is a ray of metrics on L induced
by metric Φ on L. Suppose the curvature ωut = i∂∂¯φt is nonnegative, then the
pushout of 1V ω
n
ut by u˙t are probability measures on R. In this section, under some
mild conditions, we show them will converge to the DH measure DH(X ,L). The
proof is along a similar route as Theorem 12. Contrasting to the previous result
[Hi1], we relax the condition that {φt} be a geodesic ray.
4.1. From the limit of integral to equivariant Euler number. In this sub-
section, (X ,L) is not necessarily ample.
Proposition 16. Let (X ,L) be a test-configuration for (M,L) with smooth X . Let
Φ be a α(S1)-invariant metric on L satisfying (A) or (B) in Definition 8. It induces
a ray of metrics {φt = ψ0 + ut}t≥0 on L. Ω = i∂∂¯Φ is the curvature current, ΘW
is the Hamiltonian function of W induced by action α. If f is any C1 function,
then we have
(4.1) lim
t→∞
1
V
∫
M
f(u˙t)ω
n
ut =
1
Ln/n!
∫
X
f ′(ΘW )
(Ω/2pi)n+1
(n+ 1)!
+ f(0).
Proof. The proof is similar to Prop. 10. We define F (τ) :=
∫
Xτ f(ΘW )Ω
n for
τ ∈ P1\{0}, it only depends on |τ |. F (e−t/2) = ∫
M
f(u˙t)ω
n
ut , F (∞) = f(0)V . A
direct computation turns out
i∂¯
(
F (τ)
dτ
τ
)
=
1
n+ 1
pi∗
(
f ′(ΘW )Ωn+1
)
, on C∗.
Let Ar,R := {τ | r ≤ |τ | ≤ R}, by Stokes’ formula,∫
Ar,R
i∂¯
(
F (τ)
dτ
τ
)
= i
∫
Ar,R
d
(
F (τ)
dτ
τ
)
= 2pi (F (r)− F (R)) ,
then let r → 0 and R→ +∞, (4.1) follows. 
We will take f = xd+1, and apply HRR formula to relate the integral over X to
equivariant Euler number.
Definition 17. For a test-configuration (X ,L), the degree-d equivariant Euler
number is defined by
χαd (X , kL) :=
n+1∑
q=0
(−1)q
∑
µ∈Z
µd
d!
· dimHq(X , kL)µ,
where Hq(X , kL)µ is the weight-µ subspace with respect to structure action α.
Since we can only use HRR formula on smooth X , in order to pass to the reso-
lution and then back, we need the following invariance property.
Proposition 18. When k  1, χαd (X , kL) is a polynomial of k with degree at
most n+ 1 +d. If (X ′,L′) is a pullback of (X ,L), its coefficient of the leading term
kn+1+d is same to that of χαd (X ′, kL′).
Proof. The proof is similar to Lemma 13. We express the leading coefficient by
intersection number.
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Similar to construction (3.5), take the tautological C∗-bundle Cd+1\{0} → Pd,
let
F : Xα,d :=
(
Cd+1\{0})×X/ ∼α→ Pd,
and define line bundle Lα,d over Xα,d similarly.
Consider the Leray spectral sequence associated to F , the invariance of Euler
numbers for each page gives us
χ(Xα,d, kLα,d) =
∑
q
(−1)qχ (Pd,RqF∗(kLα,d)) .
In the same way, we can show
RqF∗(kLα,d) =
⊕
µ∈Z
Hq(X , kL)µ ⊗OPd(µ).
It follows
χ(Xα,d, kLα,d) =
∑
µ
∑
q
(−1)qχ(Pd,OPd(µ)) · dimHq(X , kL)µ.
Since χ(Pd,OPd(µ)) = µ
d
d! + O(µ
d−1) is a polynomial of µ, and χ(Xα,d, kLα,d) is
a polynomial of k with degree ≤ n + 1 + d, by induction on d, we can show that
χαd (X , kL) is a polynomial of k with degree ≤ n + 1 + d when k  1. Moreover,
by this identity, we see the leading coefficient of χαd (X , kL) is Ln+1+dα,d /(n+ 1 + d)!,
thus its invariance under pullback follows by projection formula. 
Proposition 19. With same assumptions with Proposition 16, except X might be
singular. Then for any integer d ≥ 0, we have
(4.2) lim
t→∞
1
V
∫
M
(u˙t)
d+1
(d+ 1)!
ωnut = limk→∞
χαd (X , kL)
kd+1Nk
.
Proof. If X is singular, take an equivariant resolution p : X ′ → X . Let L′ = p∗L,
then (X ′,L′) is a pullback of (X ,L). Endow L′ with pullback metric p∗Φ, then X ′
and X have same limit in the LHS of (4.2). On the other hand, by Prop. 18, the
right hand side limits (leading coefficient of χαd ) are also same. Hence it is sufficient
to consider the case with smooth X .
Take f(x) = xd+1/(d+ 1)! in Prop. 16, we obtain
lim
t→∞
1
V
∫
M
(u˙t)
d+1
(d+ 1)!
ωnut =
1
Ln/n!
∫
X
ΘdW
d!
(Ω/2pi)n+1
(n+ 1)!
.
Applying HRR formula (2.6 ) to datum (X ,L,Φ, α), it yields
χαd (X , kL) =
∫
X
ΘdW
d!
(Ω/2pi)n+1
(n+ 1)!
· kn+1+d +O(kn+d).
Then (4.2) follows. 
4.2. Filtration and its limit measure. When (X ,L) is ample, we can show
the leading coefficient of χαd will equal to the (d + 1)-moment of the DH measure
DH(X ,L). To achieve this, firstly we recall the filtrations of section ring associ-
ated to test-configurations, the references are [WN] and [BC, BHJ1], etc. In this
subsection, L is assumed to be relatively ample.
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Definition 20. (Filtrations) We call F = {F tH0(kL)}t∈R,k∈N is a filtration of the
section ring R(M,L) =
⊕
k≥0 H
0(M,kL), if for each k, {F tH0(kL)}t∈R is a family
of subspaces of H0(M,kL) and decreasing and left-continuous in t. F is called
admissible if it satisfies following conditions
(i) multiplicative: F tH0(kL) · F sH0(lL) ⊆ F t+sH0((k + l)L);
(ii) pointwise left-bounded: for each k, F tH0(kL) = H0(kL) for some t;
(iii) linearly right-bounded: ∃C > 0 such that F tH0(kL) = {0} for t > Ck.
Remark 21. Since R(M,L) is finitely generated, by Lemma 1.5 in [BC], any multi-
plicative and pointwise left-bounded filtration is automatically linearly left-bounded,
i.e. there exists C > 0 such that F tH0(kL) = H0(kL) for t < −Ck.
Let F be an admissible filtration of section ring. For each k, to describe the
distribution of jumping numbers of filtration, we define a probability measure
mk := − d
dλ
(
1
Nk
dimF kλH0(kL)
)
,
which is called the normalized weight measure. By the linear boundedness of F ,
{mk} owns uniformly bounded support. To describe its limit, to each λ ∈ R, we
associate a graded subalgebra of R(M,L) by
R(λ) :=
⊕
k≥0
F kλH0(kL).
Its normalized volume is defined by
(4.3) vol(R(λ)) := lim sup
k→∞
1
Nk
dimF kλH0(kL).
Since the linear boundedness, vol(R(λ)) = 0 when λ  0 and vol(R(λ)) = 1 when
λ 0.
Theorem 22. [BHJ1] The sequence of normalized weight measures {mk} weakly
converges to − ddλvol(R(λ)), the derivative is taken in the sense of distributions.
Definition 23. Let F be an admissible filtration of R(M,L). We call the weak
limit of mk the limit measure of filtration F , denoted by LM(F).
4.3. Filtration associated to a test-configuration. In [WN], Witt Nyström
showed how to associate a filtration of R(M,L) to a test-configuration for (M,L).
Let (X ,L) be an ample test-configuration for (M,L). We use (X ,L)|C to denote
the restricted family over C. Let FµH0(kL) be the image of H0(X|C, kL)µ under
the restriction map:
H0(X|C, kL)µ ↪→ H0(X1, kL) = H0(M,kL).
For s ∈ H0(M,kL), denote by s¯ the equivariant extension to X|C∗ . Then another
equivalent description is
(4.4) FµH0(kL) = {s ∈ H0(M,kL) | τ−µ · s¯ ∈ H0(X|C, kL)},
i.e. FµH0(kL) is constituted of s such that τ−µ·s¯ can be extended to X|C. Moreover,
consider the restriction map to X0,
FµH0(kL) −→ H0(X0, kL0)µ, s 7→
(
τ−µs¯
) |X0 ,
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then its kernel is Fµ+1H0(kL), this implies
(4.5) FµH0(kL)/Fµ+1H0(kL) ∼= H0(X0, kL0)µ.
It is showed in [WN] that
F(X ,L) := {F dteH0(kL)}t∈R,k∈N
is an admissible filtration of R(M,L). By (4.5), its limit measure is exactly the
Duistermaat-Heckman measure DH(X ,L). Then theorem 22 implies
DH(X ,L) = − d
dλ
vol(R(λ)).
Remark 24. Consider the relation between filtration and the cohomology groups
H0(X , kL).
For s ∈ H0(kL), since the action α on (X ,L)∞ is trivial, it is easy to see τ−µ · s¯
can be extended over X∞ only when µ ≥ 0. Hence the relation is
(4.6) H0(X , kL)µ = FµH0(kL), if µ ≥ 0 and H0(X , kL)µ = 0, if µ < 0.
In other word, if we only consider the global sections over the compactified family,
the negative part of the filtration is lost.
4.4. Convergence to DH measures. With the above preparations, we prove the
main theorem in this section.
Proof of Theorem 3. It is sufficient to show for each integer d ≥ 0, we have
(4.7) lim
t→∞
1
V
∫
M
(u˙t)
d+1
(d+ 1)!
ωnut =
∫
R
λd+1
(d+ 1)!
dDH(X ,L).
By the Proposition 19, we need to express the leading coefficient of χαd (X , kL) by
the DH measure. It seems that the associated filtration can connect them together.
But there are two problems, one is the filtration does not involve Hq(X , kL)µ (q > 0)
but it appears in the definition of χαd . Another one we have mentioned in Remark
24, the negative part of filtration might be lost if we only take global sections over
X . Fortunately, by the relative ampleness of L, these problems can be removed.
For integer c, let Lc := L+ pi∗OP1(c) and endow it with the product C∗-action,
we have defined the action on OP1(c) in remark 5. Actually, (X ,Lc) is the com-
pactification of (X ,L)|C with modified C∗-action by multiplying character τ c.
We endow Lc with metric Φc := Φ + c · pi∗φFS , here φFS is the dual of the
standard metric on OP1(−1). The curvature current will be Ωc := Ω + cpi∗ωFS ,
ωFS = i∂∂¯ log(1 + |τ |2). Then we can check the Hamiltonian function associated
to datum (X ,Lc,Φc) is
ΘW,c := ΘW +
c
1 + |τ |2 .
Note it vanishes on X∞ as we expected.
Now we apply Prop. 19 to datum (X ,Lc,Φc), it yields
lim
t→∞
1
V
∫
M
1
(d+ 1)!
(u˙t +
c
1 + e−t
)d+1ωnut = limk→∞
χαd (X , kLc)
kd+1Nk
.
Since L is relatively ample, we can choose c large enough such that Lc is ample
over X . Then for k  1, we have
χαd (X , kL) =
∑
µ∈Z
µd
d!
· dimH0(X , kLc)µ.
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Let FµH0(kL) be the filtration associated to (X ,L), then it is easy to see the
filtration associated to (X ,Lc) is
{Fµ−kcH0(kL)}µ∈Z.
By the relation (4.6) for (X ,Lc), we have
1
kd+1Nk
χαd (X , kLc) =
1
kd+1Nk
∑
µ≥0
µd
d!
· dimFµ−kcH0(kL)
(let µ = kλ) =
∑
0≤λ∈ 1kZ
λd
d!
· 1
Nk
dimF k(λ−c)H0(kL) · 1
k
.
Let k →∞, by (4.3), it converges to∫ ∞
0
λd
d!
vol(R(λ−c))dλ =
∫ ∞
−c
(λ+ c)d
d!
vol(R(λ))dλ.
Further we choose c large enough ensuring suppDH(X ,L) ⊂ [−c + 1,∞). Then
integrating by parts, it equals to∫ ∞
−c
(λ+ c)d+1
(d+ 1)!
dDH(X ,L) =
∫
R
(λ+ c)d+1
(d+ 1)!
dDH(X ,L).
In a summary, we have showed that
lim
t→∞
1
V
∫
M
1
(d+ 1)!
(u˙t +
c
1 + e−t
)d+1ωnut =
∫
R
(λ+ c)d+1
(d+ 1)!
dDH(X ,L)
holds for sufficiently large integer c. Expand the left side and then take limit of
each term, we see it is a polynomial of c, so is the right hand side. Then compare
the coefficients of two sides will give us (4.7). 
5. Mabuchi solitons and relative D-semistability
5.1. Futaki-Mabuchi’s bilinear form and extremal vector field. Let M be
a Fano manifold, L = −KM . There is a canonical lifting Aut(M) ↪→ Aut(M,L). By
the Kodaira’s imbedding, the induced homomorphism Aut(M,L)→ GL (H0(M,kL))
will be injective when k  1, thus Aut(M) is a linear algebraic group.
Let K ⊂ Aut0(M) be a maximal compact subgroup which is unique up to a
conjugation. Let G ⊂ Aut0(M) be its complexification. Denote by k the Lie
algebra of K, then the Lie algebra of G is k ⊗ C. The elements in Lie algebra are
(1, 0) holomorphic vector fields, the exponential map is
k→ K, X 7→ exp(ImX).
We take a K-invariant reference Kähler metric ω ∈ 2pic1(M), let
HKω = {u ∈ C∞(M) | ωu > 0, ImX.u = 0, ∀X ∈ k}.
Since K is maximal, for each u ∈ HKω , the identity component of the isometry
group of ωu is exactly K.
For each X ∈ k, let θX(ω) be the normalized Hamiltonian function of X w.r.t.
ω, namely ιXω = i∂¯θX(ω) and
∫
θX(ω)ω
n = 0. For any u ∈ HKω , let θX(u) :=
θX(ω) +X(u).
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Proposition 25. (1) For each X ∈ k, the pushout measure of ωnu by θX(u) : M → R
is independent of u ∈ HKω . In particular,
∫
θX(u)ω
n
u = 0.
(2) For each X, Y ∈ k, the pushout measure of ωnu by map (θX(u), θY (u)) : M →
R2 is independent of u ∈ HKω .
Proof. For (1), we only need to show that for any f ∈ C1(R) and u ∈ HKω , we have∫
M
f (θX(u))ω
n
u =
∫
M
f (θX(ω))ω
n.
For t ∈ [0, 1], tu ∈ HKω , we compute
d
dt
∫
M
f (θX(tu))ω
n
tu =
∫
f ′X(u)ωntu +
∫
f (θX(tu)) i∂∂¯u ∧ nωn−1tu
=
∫
f ′X(u)ωntu +
∫
f ′i∂¯θX(tu) ∧ ∂u ∧ nωn−1tu
=
∫
f ′X(u)ωntu +
∫
f ′ιXωtu ∧ ∂u ∧ nωn−1tu = 0.
The proof of (2) is similar. 
Definition 26. We denote by DHK(X) the pushout measure in (1) of above propo-
sition, and call it the DH measure of X ∈ k.
By (2), we can define the bilinear form introduced by Futaki-Mabuchi [FM]. Let
X, Y ∈ k and u ∈ HKω , we define
BK(X,Y ) :=
1
V
∫
θX(u)θY (u)ω
n
u ,
it is independent of u. BK is an inner product on k.
Remark 27. Let K ′ = gKg−1, g ∈ Aut0(M) be another maximal compact sub-
group. Then k′ = g∗k and ω′ := (g−1)∗ω is K ′-invariant. For any X ∈ k, let
X ′ := g∗X ∈ k′, it is easy to see
θX′(ω
′) = θX(ω) ◦ g−1.
It follows that DHK′(X ′) = DHK(X). For any X, Y ∈ k, let X ′ := g∗X, Y ′ :=
g∗Y ∈ k′, then we have BK′(X ′, Y ′) = BK(X,Y ).
For any holomorphic vector field X, any ω ∈ 2pic1(M) with Ricci potential hω,
the Futaki invariant is defined by
F (X) :=
1
V
∫
X(hω)ω
n.
It does not depend on the choice of ω. For a maximal compact K, we take ω to be
K-invariant, then the restriction of F on k is a real-valued linear function.
Definition 28. For a maximal compact subgroup K, there is a unique ZK ∈ k
such that
F (X) = −BK(X,ZK), for ∀X ∈ k.
ZK is called the extremal vector field with respect to K. If K ′ = gKg−1, g ∈
Aut0(M) is another choice, since F (g∗X) = F (X), we have ZK′ = g∗ZK .
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Furthermore, by [FM], ZK belongs to the center of k and its imaginary part
generates a circle action.
We recall another equivalent definition in [FM] by orthogonal projection of scalar
curvature function. Fix K, take a K-invariant ω. We endow the space C∞(M,R)
with inner product 1V
∫
f1f2ω
n, denote by Pω the orthogonal projection to the
subspace
{θX(ω) | X ∈ k}.
Since
F (X) = − 1
V
∫
hLXω
n = − 1
V
∫
h4θX(ω)ωn = − 1
V
∫
θX(ω) (S(ω)− n)ωn,
it follows that θZK (ω) = Pω (S(ω)− n). Furthermore, Theorem 2.1 in [Ma1] says
Pω (S(ω)− n) = Pω
(
1− ehω) .
Hence ZK also can be defined as
(5.1) ZK = gradωPω
(
1− ehω) .
5.2. The DH measure of extremal action. For a maximal compact subgroup
K, we consider the DH measure DHK(ZK). By remark 27, DHK(ZK) is indepen-
dent of the choice of K.
Definition 29. Let K be a maximal compact subgroup, ω ∈ 2pic1(M) be K-
invariant and ZK be the associated extremal vector field. The pushout measure
DH(M) := θZK (ω)#
ωn
V
is an invariant of Fano manifold. We call it the extremal DH measure of M . In
particular, ϑ(M) := max θZK (ω) is an invariant of M , which have been introduced
in [Ma1] with notation αM .
5.3. Mabuchi solitons. Let ω ∈ 2pic1(M), Hω := {u ∈ C∞(M) | ωu > 0}. The
Ding energy is defined as
ED(u) = 1
V
∫
M
(
eh(u) − 1
)2
ωnu , u ∈ Hω,
where h(u) is the Ricci potential of ωu.
Definition 30. u ∈ Hω is called a Mabuchi soliton if it is a critical point of Ding
energy.
In this sense, Mabuchi metric is an analogy of extremal metric which are critical
point of Calabi energy. This definition coincides with the original one by Mabuchi
[Ma1].
Theorem 31. [Ya] u ∈ Hω is a Mabuchi soliton if and only if (1, 0)-type vector
field gradu(1− eh(u)) is holomorphic.
It is showed in [Ma2] Mabuchi soliton is unique up to holomorphic automor-
phisms. And the isometry group of Mabuchi soliton is alway a maximal compact
subgroup of Aut(M). Thus we can fix a maximal compact subgroup K, take the
reference metric ω is K-invariant and assume potentials u ∈ HKω . We will omit the
superscript “K”.
Assume u ∈ HKω and X := gradu(1 − eh(u)) is holomorphic. Since θX(u) =
1− eh(u) is real-valued, ImX generates isometries for ωu. Note the isometry group
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of ωu is K, it follows X ∈ k, then by (5.1) we know X = Z. After adding u with a
constant, it satisfies Monge-Ampère type equation
(1− θZ(u))ωnu = ehω−uωn.
An obvious obstruction to resolve this equation is max θZ(u) < 1, i.e. ϑ(M) < 1.
5.4. Modified Ding functionals. Fix K, and a K-invariant ω ∈ 2pic1(M). Let
HZω = {u ∈ C∞(M) | ωu > 0, ImZ.u = 0}.
Then θZ(u) is real-valued for u ∈ HZω .
Definition 32. (1) The modified Monge-Ampère Energy EZ on HZω is defined such
that
δEZ |u(u˙) = 1
V
∫
M
u˙ (1− θZ(u))ωnu .
(2) The modified Ding functional on HZω is defined by
DZ(u) = −EZ(u) + L(u), L(u) := − log
(
1
V
∫
M
ehω−uωn
)
.
The variation of DZ is
δDZ |u(u˙) = − 1
V
∫
M
u˙
(
1− eh(u) − θZ(u)
)
ωnu ,
thus the critical points are Mabuchi solitons. DZ can be extended to space
HZb = {φ | φ loc. bounded; ImZ invariant}.
By [BWN] Prop. 2.17, EZ is convex along bounded subgeodesics and affine along
geodesics. Combing this with the convexity of L(u) due to Berndtsson, it follow
that DZ is convex along bounded geodesics.
5.5. Limit slopes and relative D-semistability. By [FM] Theorem F, ImZ is
periodic, i.e. there exists a minimum a > 0 such that exp 4piaImZ = Id. Then aZ
generates a C∗-action βaZ satisfying
(5.2) βaZ(e−
1
2 (t+is)) = exp (t · aReZ − s · aImZ) .
It is called the extremal action with respect to the chosen K. We also use βZ to
denote the formal C∗-action generated by Z.
Assume (X ,L) is a C∗-equivariant test-configuration with fiberwise action βaZ ,
we define
〈α, βZ〉 := 1
a
〈α, βaZ〉 .
Proposition 33. Let (X ,L) be a C∗-equivariant ample test-configuration for (M,−KM )
with structure action α and fiberwise action βZ (actually is βaZ). Let Φ be a
α(S1)×β(S1)-invariant metric on L satisfying (B) in Definition 8. Pulling back by
α, it induces a ray of metrics {ut} ⊂ HZb . Then
lim
t→∞
d
dt
EZ(ut) = E
NA(X ,L)− 〈α, βZ〉
and
lim
t→∞
d
dt
DZ(ut) = D
NA(X ,L) + 〈α, βZ〉 .
Proof. The first statement follows by Theorem 12 and 3. The second one follows
by main result in [Ber]. 
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Definition 34. (1) Let G ⊂ Aut0(M) be a reductive subgroup which is the com-
plexification of compact subgroup K. Assume Km ⊃ K is a maximal compact
subgroup such that Z := ZKm belongs to Lie(K). Let (X ,L) be a G-equivariant
ample test-configuration for (M,−KM ), the relative Berman-Ding invariant is de-
fined as
DNAZ (X ,L) := DNA(X ,L) + 〈α, βZ〉 ,
where we take (X ,L) as a C∗-equivariant test-configuration via βaZ : C∗ → G.
(2) M is said to be D-semistable relative to G, if for any G-equivariant ample
test-configuration (X ,L) for (M,−KM ), we have DNAZ (X ,L) ≥ 0.
Remark 35. Similar to [Ber], by the convexity of DZ along bounded geodesics, such
as the Phong-Sturm’s geodesic ray associated to aG-equivariant test-configurations,
the existence of Mabuchi solitons will imply M is D-semistable relative to G.
6. Relative D-semistable implies ϑ(M) ≤ 1
In this section, we show that relative D-semistable implies ϑ(M) := sup θZ(ω) ≤
1.
Let T ⊂ Aut0(M) be a m-dimensional torus which is the complexification of
compact torus S. Assume K to be a maximal compact subgroup containing S and
such that the associated extremal vector field Z belongs to Lie(S). Let ω ∈ 2pic1(M)
be a K-invariant Kähler metric. Denote by θ the associated Hamiltonian function
of Z, ιZω = i∂¯θ,
∫
θωn = 0.
Theorem 36. Let M be a Fano manifold, T ⊂ Aut0(M) be a torus. If M is
D-semistable relative to T , then ϑ(M) ≤ 1.
The proof is by constructing a specific T -equivariant test-configuration, the de-
formation to normal cone. Firstly we choose the center of blowups.
Proposition 37. There exists a point z∗ ∈M fixed by T and attains the maximum
value of θ, i.e. ϑ(M).
Proof. Since T -action can be lifted to −KM and ω is S-invariant, it induces a
moment map µ : M → 4 for S-action, where 4 is a convex set in Rm. Since
Z ∈ Lie(S), θ can be expressed by l ◦ µ for some affine function l. By [A], 4 is
the convex hull of µ-images of T -fixed points. Thus the maximum of l|4 can be
attained by the image of some T -fixed point, say z∗. 
Proof of Theorem 36.
Consider the deformation to normal cone of z∗. Firstly, we endow (M×P1, p∗1K−1M )
with C∗-action α is just the multiplication on the second factor and T -action β is
the given torus T ⊂ Aut0(M) acting on the first factor. Let
Π : X →M × P1
be the blowup at point (z∗, 0), denote by P ∼= Pn the exceptional divisor. Let
pi = p2 ◦Π : X → P1, p = p1 ◦Π : X →M.
For c ∈ Q+, let Q-line bundle Lc = p∗K−1M − cP . When c  1, Lc is relatively
ample. Since action α and β fix (z∗, 0) ∈ M × P1, they can be lifted to X . Since
P is invariant, they can be further lifted to Lc such that α on the ∞-fiber is trivial
and β on fiber (X ,Lc)|τ 6=0 ∼= (M,K−1M ) is the given torus T ⊂ Aut0(M).
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In a summary, (X ,Lc) constitutes a T -equivariant test-configuration for (M,−KM )
with structure action α and fiberwise T -action β. It can be seen as a perturbation
of the trivial one with parameter c 1.
We need to study DNAZ (X ,Lc) when c 1. The DNA-part is easy to compute.
Since KX/P1 = p∗KM + nP , thus let B = (n− c)P , we have Lc +KX/P1 = O(B).
Note X0 = Mˆ + P , Mˆ is the blowup of M at z∗. The lct-part of DNA is
lct(X ,−B;X0) = sup{t ∈ R | (X ,−B + tX0) is log canonical}.
Since X is smooth and −B + tX0 = tMˆ + (c − n + t)P is simple normal crossing,
thus we have
lct(X ,−B;X0) = min{1, n− c+ 1} = 1, when c 1.
On the other hand, Ln+1c =
(
p∗K−1M − cP
)n+1
= −cn+1. Put these into the defini-
tion (2.4), we obtain
(6.1) DNA(X ,Lc) = c
n+1
(n+ 1)c1(M)n
.
Next we analysis the inner product by the integral formula (3.17).
If we have a form Ω ∈ 2pic1(Lc) and function Θ satisfies ιZΩ = i∂¯Θ and∫
X1 ΘΩ
n = 0, then
〈α, βZ〉 = 1
(n+ 1)2piV
∫
X
ΘΩn+1.
To construct them we start with ω, θ. First by pulling back, we have ιZp∗ω = i∂¯p∗θ
and
∫
X1 p
∗θ · (p∗ω)n = 0.
Let s be a global section of OX (P ) such that (s) = P . We take a βZ(S1)-
invariant metric h on O(P ) such that h(s) ≡ 1 outside of a neighborhood of P ,
such as UP := pi−1{|τ | < 12}. Denote the curvature form by
−η := −i∂∂¯ log h ∈ 2pic1(O(P )), suppη ⊂ UP .
The lifting of βZ induces a Hamiltonian function f such that ιZη = i∂¯f . We can
write down f on X\P . Since η = i∂∂¯ log h(s) on X\P , taking ιZ , we have i∂¯f =
i∂¯ (Z (log h(s))). It is easy to see log h(s) is βZ(S1)-invariant, thus Z (log h(s)) is
real. It follows
f = Z (log h(s)) + const, on X\P.
We adjust f by a constant such that f = Z (log h(s)) on X\P . By our choice of h,
f ≡ 0 outside UP .
Now we let Ω := p∗ω + cη ∈ 2pic1(Lc) and Θ := p∗θ + cf , they satisfy
ιZΩ = i∂¯Θ,
∫
X1
ΘΩn = 0.
The second identity since on X1, f ≡ 0, η ≡ 0 and
∫
M
θωn = 0.
Applying the integral formula (3.17), and rewrite the integrand in the form of
equivariant curvatures. We obtain an expansion in c,
〈α, βZ〉 = 1
(n+ 1)2piV
∫
X
ΘΩn+1 =
1
(n+ 1)(n+ 2)2piV
∫
X
(Θ + Ω)
n+2
=
1
(n+ 1)(n+ 2)2piV
n+2∑
i=0
(
n+ 2
i
)∫
X
(p∗θ + p∗ω)n+2−i ∧ (f + η)i · ci.
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Let Ii :=
∫
X (p
∗θ+p∗ω)n+2−i∧(f+η)i. Obviously, these coefficients Ii are indepen-
dent of the choices of ω and η. We need to compute them. Note that p∗ω|P ≡ 0 and
p∗θ|P ≡ θ(z∗) = maxM θ, if we can localize these integrals on P , the computation
would be much simpler.
Claim 38. For 0 ≤ i ≤ n, we have Ii = 0, and In+1 = −(2pi)n+1 maxM θ.
Firstly, I0 = (n + 2)
∫
X p
∗θ (p∗ω)n+1 = 0, since ωn+1 = 0. We assume 1 ≤ i ≤
n+ 1 in the follows.
Let Uδ = {x ∈ X | h (s(x)) > δ2} for small δ > 0, it is a tubular neighborhood
of P . Since
f + η = Z (log h(s)) + i∂∂¯ log h(s) = −(i∂¯ − ιZ)∂ log h(s), on X\P,
in the second row of following, we replace one factor f + η.
Ii = lim
δ→0
∫
Uδ
(p∗θ + p∗ω)n+2−i ∧ (f + η)i
= − lim
δ→0
∫
Uδ
(p∗θ + p∗ω)n+2−i ∧ (f + η)i−1 ∧ (i∂¯ − ιZ)∂ log h(s)
= − lim
δ→0
∫
∂Uδ
(p∗θ + p∗ω)n+2−i ∧ (f + η)i−1 ∧ i∂ log h(s).
The third row is by integrating by parts and (i∂¯− ιZ)(p∗θ+p∗ω) = 0, (i∂¯− ιZ)(f+
η) = 0.
After expansion, when 1 < i ≤ n+ 1,
Ii = − lim
δ→0
(i− 1)
∫
∂Uδ
f · p∗ωn+2−i ∧ ηi−2 ∧ i∂ log h(s)
− lim
δ→0
(n+ 2− i)
∫
∂Uδ
p∗θ · p∗ωn+1−i ∧ ηi−1 ∧ i∂ log h(s);(6.2)
and when i = 1,
I1 = − lim
δ→0
(n+ 1)
∫
∂Uδ
p∗θ · p∗ωn ∧ i∂ log h(s).
To compute the limit, we use the following result. This result can be found in
many textbooks in complex geometry, e.g. [Huy] P203. We repeat the proof for
self-contained.
Lemma 39. (Localization) With the notations above, let α be a smooth 2n-form,
we have
(6.3) lim
δ→0
∫
∂Uδ
α ∧ i∂ log h(s) = 2pi
∫
P
α.
Proof. Essentially, it is a local result. Take a local coordinates {z0, · · · , zn} and a
local frame e of O(P ) around a point on P such that s = z0 ·e. Hence h(s) = |z0|2 u,
u := h(e) is a positive smooth function. The boundary is
∂Uδ = {(z0, z′) | |z0| · u(z0, z′)1/2 = δ}, z′ = (z1, · · · , zn).
We compute
∂ log h(s) =
dz0
z0
+ ∂ log u.
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Note that limδ→0
∫
∂Uδ
α∧ i∂ log u = 0 since log u is smooth. Thus we only consider∫
∂Uδ
α ∧ dz0z0 . Denote dz′ = dz1 ∧ · · · ∧ dzn, then α can be decomposed as
α = g(z)dz′ ∧ dz¯′ + dz0 ∧ β + dz¯0 ∧ γ,
where g is a function, β and γ are forms. It can be seen that only the first part has
contribution to integral. Hence we have
lim
δ→0
∫
∂Uδ
α ∧ i∂ log h(s) =
∫
P
(
lim
δ→0
∫
g(z0, z
′)
idz0
z0
)
dz′ ∧ dz¯′
= 2pi
∫
P
g(0, z′)dz′ ∧ dz¯′ = 2pi
∫
P
α.

Now we apply (6.3) to (6.2), since p∗ω|P ≡ 0 and∫
P
p∗θ · ηn = max
M
θ ·
∫
P
ηn = −max
M
θ · (2pi)n(−P ).n+1 = (2pi)n max
M
θ,
the Claim 38 follows.
Hence we obtain expansion
〈α, βZ〉 = − maxM θ
(n+ 1)c1(M)n
cn+1 +A · cn+2,
where A is a constant. Combining this with (6.1), we obtain
(6.4) DNAZ (X ,Lc) =
1−maxM θ
(n+ 1)c1(M)n
cn+1 +A · cn+2.
If maxM θ > 1, DNAZ (X ,Lc) will be negative when c  1. It contradicts with our
assumption of relatively D-semistable. Proof of Theorem 36 is completed. 
7. A convex-geometry description for reduced NA J-functionals
We expect that the uniform version of D-stability can imply ϑ(M) < 1 as in the
setting of toric manifolds. In order to define uniform stability, we need a kind of
norm for equivariant test-configurations which measures it how far from a product.
We will use the reduced non-Archimedean J-functional introduced by Hisamoto in
[Hi3]. In this section, we restrict ourselves to the case of torus action.
7.1. Twist test-configurations by the fiberwise action. Let (M,L) be a gen-
eral polarized manifold. Suppose we have a torus T ⊂ Aut(M,L) with dimension
m. Its elements will be denoted by σ = (σ1, · · · , σm), σi ∈ C∗. All 1-parameter
subgroups of T constitute a lattice Zm. Specifically, each ρ = (ρ1, · · · , ρm) ∈ Zm
corresponds a subgroup
ρ(τ) := (τρ1 , · · · , τρm) ∈ T, τ ∈ C∗.
All characters of T constitute the dual lattice. Each ν = (ν1, · · · , νm) ∈ Zm cor-
responds a character ν(σ) := σν = σν11 · · ·σνmm . For any ρ, ν ∈ Zm, the weight of
composition C∗ ρ→ T ν→ C∗ is 〈ρ, ν〉 = ∑mi=1 ρiνi.
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Definition 40. (β-twisting of test-configurations) Let (X ,L) be a T -equivariant
test-configuration for (M,L) with structure action α and fiberwise action β. Denote
by (X ,L)|C the restricted family over C. Given a 1-parameter subgroup ρ : C∗ → T ,
we modify the action α on (X ,L)|C by
αρ(τ) := α(τ) ◦ β(ρ(τ)),
and keep the other data unchanged. Denote this new test-configuration (a family
over C) by (X ,L)|ρC.
Remark 41. This definition is same to that of [Hi3], merely with a different formu-
lation. Since action α on the∞-fiber of compactification (X ,L) is trivial, thus after
we compactify (X ,L)|ρC, the total space will be different from X . We also note that
if X dominates the productM×P1 with trivial action, then its β-twisting only dom-
inates the product with a nontrivial action given by ρ. This prevents us to directly
use the intersection formula (2.3) to compute JNA for β-twisted test-configuration.
Next we study the effect of β-twisting on the associated filtration. Firstly,
by (4.4) we see the associated filtration {FµH0(kL)} is preserved by T -action on
R(M,L). Hence every piece has a weight decomposition
FµH0(kL) =
⊕
ν∈Zm
(
FµH0(kL)
)
ν
,
where ν runs over all characters, and
(7.1)
(
FµH0(kL)
)
ν
= {s ∈ H0(kL)ν | τ−µ · s¯ ∈ H0(X|C, kL)}
is the weight-ν subspace. When we fix k, ν and vary µ, it constitutes a filtration
of H0(kL)ν . Thus in the following we denote
FµH0(kL)ν :=
(
FµH0(kL)
)
ν
.
Proposition 42. Let (X ,L) be a T -equivariant ample test-configuration with in-
duced filtration F = {FµH0(kL)ν}. Let (X ,L)|ρC be a β-twisting of (X ,L) by 1-
parameter subgroup ρ. Denote by Fρ = {Fµρ H0(kL)ν} the filtration associated to
(X ,L)|ρC. Then
Fµρ H
0(kL)ν = F
µ−〈ρ,ν〉H0(kL)ν ,
where 〈ρ, ν〉 is the weight of composition C∗ ρ→ T ν→ C∗.
Proof. Let s ∈ H0(kL)ν , then σ.s(σ−1.z) = σνs(z) for ∀σ ∈ T , z ∈ M . Its
equivariant extension by the new action αρ is
s¯ρ(x) := αρ(τ)s
(
αρ(τ
−1)x
)
= α(τ)β(ρ(τ))s
(
β(ρ(τ−1))α(τ−1)x
)
= τ 〈ρ,ν〉 · α(τ)s (α(τ−1)x) = τ 〈ρ,ν〉 · s¯(x),
where x ∈ Xτ , so αρ(τ−1)x ∈ X1 = M . The restriction of β to (X1,L1) is the given
torus T . Then the formula follows from (7.1). 
Although we can not define β-twisting for irrational ρ, we can define the β-
twisting of the induced filtration by the above formula.
Definition 43. (β-twisting of filtrations) Let (X ,L) be a T -equivariant ample
test-configuration for (M,L). The induced T -invariant admissible filtration is
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F(X ,L) = {FµH0(kL)ν}. For any ρ ∈ Rm, we define a new T -invariant admissi-
ble filtration denoted by F(X ,L)ρ = {Fµρ H0(kL)ν}, and call it the β-twisting of
F(X ,L),
(7.2) Fµρ H
0(kL)ν := F
µ−〈ρ,ν〉H0(kL)ν , Fµρ H
0(kL) :=
⊕
ν∈Zm
Fµρ H
0(kL)ν .
Note that F tH0(kL) = F dteH0(kL) for all t ∈ R.
7.2. Reduced non-Archimedean J-functional. For a probability measure m
on R, we introduce
j(m) := sup suppm−
∫
R
λdm.
Definition 44. (1) Let F be an admissible filtration of the section ring R(M,L).
The non-Archimedean J-functional is defined by
JNA(F) := j (LM(F)) ,
where LM(F) denotes the limit measure of F .
(2) Let (X ,L) be a T -equivariant ample test-configuration for (M,L). The
reduced (modulo T -action) non-Archimedean J-functional is defined by
JNAT (X ,L) := inf
ρ∈Rm
JNA (F(X ,L)ρ) ,
where F(X ,L)ρ is the β-twisting of the induced filtration F(X ,L).
7.3. Uniformly relative D-stability.
Definition 45. With same assumptions with Definition 34, except we take G is
a torus T . Fano manifold M is said to be uniformly D-stable relative to T , if
there exists a δ > 0 such that for any T -equivariant ample test-configuration for
(M,−KM ) we have
DNAZ (X ,L) ≥ δ · JNAT (X ,L).
Remark 46. This definition can be seen as the non-Archimedean properness of DNAZ
in the space of NA-metrics. In [LZ] it is showed that the existence of Mabuchi soliton
implies the reduced properness (i.e. modulo T -action) of modified Ding functional,
combing this with the limit slope formula for the reduced J-functional (see [Hi3]),
taking limit slope of the properness inequality along the bounded geodesic ray
associated to a test-configuration, we will obtain the above inequality.
We want to show uniformly relative D-stable implies ϑ(M) < 1. Follow the
way of proving semistability implies ϑ(M) ≤ 1, we need to expand JNAT (X ,Lc) in
parameter c. With the aid of Okounkov body, we give an explicitly convex-geometry
description for JNAT . From this description, it is easy to see J
NA
T (X ,Lc) is attained
by trivial twisting (ρ = 0) when c is small enough.
7.4. Infinitesimal Okounkov body associated to a T -fixed point. In [O],
Okounkov showed how to associate a convex body 4 in Rn to a algebraic variety
X with an ample line bundle L. Its Euclidean volume gives the volume of L.
Later Lazarsfeld-Mustat,ă [LM] and Kaveh-Khovanskii independently extend this
construction to a more general setting, e.g. for big line bundles. In [BC], Boucksom
and Chen showed that a filtration of the section ring R(X,L) gives rise to a concave
function on 4. Take filtration to be the one associated to a test-configuration,
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Witt Nyström [WN] obtain a concave function which encodes some information of
original test-configuration, such as DH measure.
In the original construction, first we need to choose a flag of subvarieties in M ,
then taking valuation along these subvarieties, the resulting convex body depends
heavily on this choice. Suppose (M,L) is equipped with a T -action, then the choice
of flag should adapt to the action. It turns out this construction is not suitable
to our setting. However, there is a more local construction in [LM], called the
infinitesimal Okounkov body, which satisfies our needs.
Let (M,L) be a polarized manifold and T be a torus with dimension m. Suppose
β : T → Aut(M,L) is a lifted action. By [A], there exists a T -fixed point z∗ ∈ M .
Let V• be a full flag of subspaces in the tangent space Tz∗M (an infinitesimal flag
at z∗). Let
q : Mˆ →M
be the blowup at z∗, then V• induces a flag of subvarieties Y• in Mˆ by taking
projectivization (Y• is contained in the exceptional divisor). Since q∗OMˆ = OM ,
the pullback
q∗ : H0(M,kL)→ H0(Mˆ, kq∗L)
is an isomorphism. For s ∈ H0(M,kL), we will define valuation V(s) to be the van-
ishing order of q∗s along Y• in lexicographic order. Before that, we need to choose
infinitesimal flag V• adapted to torus action. Let us go through the construction in
details.
Step 1. Construct a β-invariant local frame e of L around z∗.
Suppose β acts on Lz∗ by character ν∗0 ∈ Zm. Since L is ample, there exists
κ0 ∈ N and s ∈ H0(M,κ0L) such that s(z∗) 6= 0. Decompose s =
∑
ν sν with
respect to action β, sν ∈ H0(M,κ0L)ν satisfying
σ.sν(σ
−1.z) = σνsν(z), σ ∈ T, z ∈M.
Take z = z∗ we see sν(z∗) 6= 0 only when ν = ν∗0 . We set local frame
e := sν∗0 ,
of Lκ0 on β-invariant open set {sν∗0 6= 0}.
Step 2. Choose a local coordinates (zi)ni=1 centered at z∗ (zi(z∗) = 0) which
diagonalizes action β at first order.
Since β induces a T -action on T (1,0)M |z∗ , let ν∗1 , · · · , ν∗n ∈ Zm be the action
weights. By a linear transformation, we can find a coordinates (zi) centered at z∗
such that
(7.3) zi (β(σ)z) = ν∗i (σ)zi + higher order terms, for ∀σ ∈ T, 1 ≤ i ≤ n.
Where ’higher order terms’ means power series with order ≥ 2.
Step 3. Choose a flag of subspaces in T (1,0)M |z∗ .
First we describe the blowup q : Mˆ →M more explicitly by coordinates. Denote
by E = P(Tz∗M) the exceptional divisor. In a neighborhood of E, with coordinate
(zi), Mˆ is given by
{((zi)ni=1, [w1, · · · , wn]) ∈M × Pn−1 | ziwj = zjwi, ∀i, j}.
On the open set {w1 6= 0}, we introduce coordinate ui = wi/w1, 2 ≤ i ≤ n and
u1 = z1. Then (ui)ni=1 constitutes a local coordinates on Mˆ around E. Under this
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coordinates, q is given by
(7.4) q : (u1, · · · , un) 7−→ z = (u1, u1u2, · · · , u1un).
Now we take a flag of subspaces as following,
(7.5)
V• : Tz∗M ⊃ span{∂1, ∂3, · · · , ∂n} ⊃ span{∂1, ∂4, · · · , ∂n} ⊃ · · · ⊃ span{∂1},
where ∂i := ∂∂zi . By taking projectivization, it induces a flag of subvarieties in Mˆ ,
(7.6)
Y• : Y1 = E = {u1 = 0} ⊃ Y2 = {u1 = u2 = 0} ⊃ · · · ⊃ Yn = {u1 = · · · = un = 0}.
Step 4. Define the valuation V.
Let s ∈ H0(M,kL), then sκ0 ∈ H0(M,κ0kL), assume sκ0 = f(z) · ek in the
neighborhood of z∗. We expand f as power series
(7.7) f(z) =
∑
a≥0
ca · za, a = (a1, · · · , an), za = za11 · · · zann .
Pull back by q, we have q∗sκ0 = (f ◦ q)q∗ek. Put (7.4) into above expansion, we
obtain
(f ◦ q)(u) =
∑
a≥0
ca · u
∑
ai
1 u
a2
2 · · ·uann .
For 0 6= s ∈ H0(M,kL), we define the valuation with respect to flag (7.6) by
(7.8) V(s) := 1
κ0
min{(
n∑
i=1
ai, a2 · · · , an) | ca 6= 0} ∈ 1
κ0
Nn, V(0) :=∞,
where the minimizer is taken with respect to the lexicographic order. Note the first
component of V(s) is exactly the vanishing order ordz∗(s) = ordE(q∗s). This order
puts the total degree
∑n
i=1 ai at first place, it is compatible with the power series
expansions, contrasting to the lexicographic order on (a1, · · · , an).
It is indeed a valuation since V(s ⊗ t) = V(s) + V(t) for any s ∈ H0(kL), t ∈
H0(lL), and
V(s+ t) ≥ min{V(s),V(t)}, for ∀s, t ∈ H0(kL),
where ≥ is the lexicographic order.
Step 5. Define the Okounkov body 4(L).
Collecting all valuation values for global sections, we obtain a semigroup
Γ(L) := {(V(s), k) | 0 6= s ∈ H0(M,kL), k ∈ N} ⊂ 1
κ0
Nn+1.
Let Σ(L) be the convex cone in Rn+1 spanned by Γ(L).
Definition 47. (infinitesimal Okounkov body) With respect to the infinitesimal
flag (7.5) at point z∗, the infinitesimal Okounkov body 4(L) of ample line bundle
L is defined by
4(L) := {x | (x, 1) ∈ Σ(L)} ⊂ Rn.
By definition, 4(L) is actually the ordinary Okounkov body of q∗L (big line
bundle) associated to the flag of subvarieties (7.6) in Mˆ .
Remark 48. From the construction,4(L) only depends on the choice of infinitesimal
flag at z∗. The choice of flag (7.5) depends on action β around z∗. Hence 4(L)
depends on action β.
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By definition, 4(L) is a convex set obviously. It can be defined in another way,
as a convex hull
4(L) =
⋃
k≥1
4k(L), 4k(L) := {V(s)/k | 0 6= s ∈ H0(M,kL)}.
The most important information encoded in 4(L) is the volume of L. By Theorem
A in [LM], we have
vol (4(L)) = (q
∗L)n
n!
=
Ln
n!
,
where ’vol’ means the standard Lebesgue measure.
7.5. Concave function on 4(L) associated to a filtration. In [BC], it is
showed an admissible filtration of section ring gives rise to a concave function on
the (ordinary) Okounkov body. By our definition, 4(L) is the Okounkov body
of q∗L, thus an admissible filtration of R(Mˆ, q∗L) will give a concave function on
4(L). Since
q∗ : R(M,L)→ R(Mˆ, q∗L)
is an isomorphism, the filtrations on each ring are corresponding with each other.
So admissible filtrations on R(M,L) induce concave functions on 4(L). Let us
recall this construction.
Let F = {F tH0(kL)}t,k be an admissible filtration of R(M,L). We define
4k,t(L,F) := {V(s)/k | 0 6= s ∈ F tH0(kL)} ⊆ 4k(L).
Then {4k,t(L,F)}t constitutes a subset filtration of 4k(L), decreasing in t and
becoming empty when t > Ck for some C > 0. Moreover, a fundamental property
of valuation (see Lemma 1.4 in [LM]) follows that
|4k,t(L,F)| = dimF tH0(kL).
For each k ≥ 1, we define a function Gk on 4k(L). For x ∈ 4k(L), let
Gk(x) := sup{t/k | x ∈ 4k,t(L,F)}.
Then these Gk together induce a function on
⋃
k≥14k(L). For x ∈
⋃
k≥14k(L),
we define
G[F ](x) := sup{Gk(x) | k s.t. x ∈ 4k(L)}.
Theorem 49. [BC] Let F be an admissible filtration on the section ring R(M,L).
The function G[F ] defined above can be extended to a bounded concave function on
the interior of 4(L). Moreover, the pushout
G[F ]#
(
dx
vol (4(L))
)
of normalized Lebesgue measure is exactly equal to the limit measure of F .
In particular, it follows
(7.9) JNA(F) = j (LM(F)) = sup
4(L)
G[F ]−
∫
4(L)
G[F ] dx
vol (4(L)) .
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7.6. Concave functions associated to the β-twisted filtrations. We study
the effect of twisting on the induced concave functions. The following lemma reveal
the key relation between weight and valuation of global sections.
Lemma 50. (weight v.s. valuation) For any ν ∈ Zm and s ∈ H0(M,kL)ν . Let
V(s)/k = (x1, · · · , xn), then
(7.10)
ν
k
= −x1ν∗1 +
n∑
i=2
xi(ν
∗
1 − ν∗i ) +
ν∗0
κ0
.
The weight ν of s is an affine function of valuation V(s). Note the coefficients κ0,
ν∗0 , · · · , ν∗n come from action β around z∗.
Proof. Assume sκ0 = f(z) ·ek in the neighborhood of z∗. Expand f to
∑
a≥0 ca ·za.
Since s and e satisfies equivariant condition
σ.s(σ−1.z) = σνs(z), σ.e(σ−1.z) = σν
∗
0 e(z), ∀σ ∈ T.
It implies that
(7.11) f(σ.z) = σkν
∗
0−κ0νf(z), ∀σ ∈ T.
Denote V(s)/k = (x1, · · · , xn). Let za be the minimum term appearing in the
expansion of f with respect to lexicographic order of (
∑n
i=1 ai, a2 · · · , an). By our
definition
(x1, · · · , xn) = 1
κ0k
(
n∑
i=1
ai, a2 · · · , an).
Put the expansion (7.3) of action β into (7.11), we obtain
ca · σa·ν∗za + · · · = ca · σkν∗0−κ0νza + · · · , ∀σ ∈ T,
where a ·ν∗ := ∑ni=1 aiν∗i . It follows that a ·ν∗ = kν∗0 −κ0ν. Replacing a by (xi),
we obtain relation (7.10). 
For each ν ∈ Zm, we define
4k(L)ν := {V(s)/k | 0 6= s ∈ H0(M,kL)ν}.
The above lemma implies 4k(L)ν is contained in different hyperplane for different
ν, hence it induces a decomposition
4k(L) =
⊔
ν∈Zm
4k(L)ν .
Let F = {F tH0(kL)} be an admissible filtration of R(M,L). For each ν ∈ Zm, we
define
4k,t(L,F)ν := {V(s)/k | 0 6= s ∈ F tH0(kL)ν} ⊆ 4k(L)ν .
Then {4k,t(L,F)ν}t constitutes a subset filtration of4k(L)ν and similarly we have
4k,t(L,F) =
⊔
ν∈Zm
4k,t(L,F)ν .
By definition of Gk, for x ∈ 4k(L)ν , we have
Gk(x) = sup{t/k | x ∈ 4k,t(L,F)ν}.
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Theorem 51. Let (X ,L) be a T -equivariant ample test-configuration. Let G[X ,L]
be the concave function associated to the induced filtration F(X ,L). For any ρ ∈
Rm, let F(X ,L)ρ be the β-twisting by ρ. Then the concave function associated to
F(X ,L)ρ is equal to G[X ,L] plus an affine function (RHS of (7.12)).
Proof. Let Gρk be the k-th approximation function associated to Fρ := F(X ,L)ρ.
For x ∈ 4k(L)ν ,
Gρk(x) = sup{t/k | x ∈ 4k,t(L,Fρ)ν}.
By the definition of β-twisting (7.2), we have
Gρk(x) = sup{s/k | x ∈ 4k,s(L,F)ν}+
〈ρ, ν〉
k
= Gk(x) +
〈
ρ,
ν
k
〉
.
Since x ∈ 4k(L)ν , x = V(s)/k for some nonzero s ∈ H0(M,kL)ν . By (7.10), we
have
(7.12)
〈
ρ,
ν
k
〉
= −〈ρ, ν∗1 〉x1 +
n∑
i=2
〈ρ, ν∗1 − ν∗i 〉xi +
1
κ0
〈ρ, ν∗0 〉 .
The right side is an affine function of x and coefficients are independent of k. Then
the conclusion follows by the definition of G[Fρ]. 
A convex-geometry description for JNAT (X ,L). Denote by `(ρ)(x) the right
side of (7.12). By (7.9) , we have
JNA (F(X ,L)ρ) = sup
4(L)
(G[X ,L] + `(ρ))−
∫
4(L)
(G[X ,L] + `(ρ)) dx
vol (4(L)) .
Let S(ρ) = c− `(ρ), c ∈ R be the unique support function of the graph of G[X ,L],
namely it satisfies inf4 (S(ρ)−G[X ,L]) = 0. Then
JNA (F(X ,L)ρ) =
∫
4(L)
(S(ρ)−G[X ,L]) dx
vol (4(L)) ,
this is exactly the area of region bounded by G[X ,L] and its support function.
When ρ varies, we get another support functions with slope depends on ρ. JNAT (X ,L)
is the infimum of these areas as ρ runs over Rm. In particular, it is bounded from
below by the infimum in which we take all the support functions of G[X ,L].
8. Uniformly relative D-stable implies ϑ(M) < 1
With the description for JNAT , we complete the proof of Theorem 1. The concave
function associated to the deformation to normal cone have been considered by Witt
Nyström[WN].
Theorem 52. Let M be a Fano manifold, L = −KM . Let T ⊂ Aut0(M) be a
torus. If M is uniformly D-stable relative to T in the sense of Definition 45, then
ϑ(M) < 1.
Proof. Let z∗ be the fixed point provided by Prop. 37. 4(L) be the infinitesimal
Okounkov body associated to z∗. Let (X ,Lc) be the test-configuration in the proof
of Theorem 36.
Let Fc = {F tcH0(kL)} be the filtration associated to (X ,Lc). By Lemma 5.17 in
[BHJ1], we have
F tcH
0(kL) = {s ∈ H0(kL) | ordz∗(s) ≥ t+ ck}, when t ≤ 0;
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and F tcH
0(kL) = 0 when t > 0. Let q : Mˆ → M be the blowup at z∗ with
exceptional divisor E. Then
F tcH
0(kL) ∼= H0(Mˆ, kq∗L− dt+ ckeE), when − ck ≤ t ≤ 0;
F tcH
0(kL) ∼= H0(Mˆ, kq∗L) when t < −ck; and F tcH0(kL) = 0 when t > 0.
From it we obtain the DH measure (see Prop. 8.5 [BHJ1])
DH(X ,Lc) = n
Ln
(λ+ c)n−11[−c,0]dλ+ (1− c
n
Ln
)δ0(λ),
where 1[−c,0] is characteristic function and δ0 is the Dirac measure. It follows that
JNA(X ,Lc) = j (DH(X ,Lc)) = c
n+1
(n+ 1)Ln
.
Next we consider the associated concave function. Since the first component of
V(s) is ordz∗(s) = ordE(q∗s), thus when t ≤ 0 we have
4k,t(L,Fc) = {V(s)/k | 0 6= s ∈ F tcH0(kL)} = 4k(L) ∩ {x1 ≥
t
k
+ c};
and 4k,t(L,Fc) = ∅ when t > 0. For x ∈ 4k(L), it implies
Gk(x) = sup{t/k | x ∈ 4k,t(L,Fc)} = min{x1 − c, 0}.
Hence
G[Fc] = min{x1 − c, 0}.
We claim the infimum
JNAT (X ,Lc) = inf
ρ∈Rm
JNA(Fρc )
is attained at ρ = 0 when c  1. It is clear from the convex-geometry description
for JNAT and the following facts, we omit the details.
(1) 4(L) is a convex body with nonempty interior, and by (7.8) it is contained
in region {x ∈ Rn≥ | x1 ≥ x2 + · · ·+ xn}.
(2) inf4 x1 = 0. Otherwise 4 ⊂ {x1 ≥ c} for some c ∈ Q+, thus G[Fc] ≡ 0 on
4. It will contradict to the form of DH measure DH(X ,Lc). Combining this with
(1), it implies 0 ∈ 4(L).
Hence JNAT (X ,Lc) = JNA(X ,Lc) = c
n+1
(n+1)Ln . Compare this to the expansion of
Berman-Ding invariant (6.4), uniform stability implies maxM θ < 1. 
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